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Abstract
In this paper, we solve a problem of Goldberg that determine the num-
ber of equivalence classes of rational maps corresponding to each critical
set, when the degree is small and $\infty$ is critical.
1 Introduction
In [3], Goldberg suggested a problem that determine the number of equivalence
classes of rational maps corresponding to each critical set. This problem is
based on her theorem (Theorem 1.3 in [3]), and it is known that the theorem
deeply concern with B. and M. Shapiro conjecture (see [1]).
By using algebraic computation system, we solve a problem of Goldberg
when the degree is small and $\infty$ is critical, and this gives a complete answer to
this problem together with our results in [2]. This work is joint work with $M.$
Karima and M. Taniguchi (Nara Women’s Univ.).
A rational map of degree $d$ is a map with the following form,
$R(z)= \frac{P(z)}{Q(z)},$
where $P$ and $Q$ are coprime polynomials with $\max\{\deg P, \deg Q\}=d.$
Definition 1. Two rational maps $R_{1}$ and $R_{2}$ are said to be M\"obius equivalent
if there is a M\"obius transformation $M$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ such that $R_{2}=M\circ R_{1}.$
Let $X_{d}$ be the set of all equivalence classes of rational maps of degree $d$ , and
$X_{d}^{(k)}$ be the subset of $X_{d}$ consisting of all equivalence classes of rational maps
with $k$-hold critical point at $\infty$ , where $k=0$ means the rational maps that $\infty$
is non-critical.
*The author is partially supported by Grant-in-Aid for Scientific Research (C) 22540240.
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Remark 1. $A$ rational map $R$ of degree $d$ has $2d-2$ critical points counted
including multiplicity. The set of critical points of $R$ is invariant under taking
a M\"obius conjugate.
Every set of critical points of $R$ is admissible, i.e., every critical point has
multiplicity at most $d-1$ . Therefore, the space $X_{d}$ is the disjoint union of
$X_{d}^{(0)},$ $X_{d}^{(1)},$ $\cdots$ , and $X_{d}^{(d-1)}.$
Goldberg showed the following theorem.
Theorem (Goldberg [3]). $A(2d-2)$-tuple $B$ is the critical set of at most
$C(d)$ classes in $X_{d}$ , where $C(d)$ means the d-th Catalan number $\frac{1}{d}(\begin{array}{l}2d-2d-1\end{array}).$
The maximal is attained by a Zariski open subset of the space $\hat{\mathbb{C}}^{2d-2}$ of all $B.$
The map $\Phi_{d}$ : $X_{d}arrow\hat{\mathbb{C}}^{2d-2}$ is defined by sending a equivalence class to the
set of critical points, and the restriction of $\Phi_{d}$ to $X_{d}^{(k)}$ is denoted by $\Phi_{d}^{(k)}.$
Then Goldberg’s problem (see [3]) is written as follows.
Problem
$\bullet$ Describe in detail the ramification sets of the maps $\Phi_{d}.$
$\bullet$ For every point $c\in\hat{\mathbb{C}}^{2d-2}$ , determine the number of points in the preimage
$\Phi_{d}^{-1}(c)$ .
We give the complete answer to this problem for the case of $d=3$ and 4.
2 The case that $\infty$ is non-critical
Theorem 2 (Fujimura, Karima and Taniguchi [2]).
For each class in $X_{d}^{(0)}$ , there is a unique $repre\mathcal{S}$entativeR of the form
$R(z)= \frac{P(z)}{Q(z)}=z+\frac{a_{d-2}z^{d-2}+\cdots+.a_{0}}{z^{d-1}+b_{d-2}z^{d-2}+\cdot\cdot+b_{0}}.$
For each $R= \frac{P}{Q}$ in the above form, the critical points of $R$ is obtained by
the equation
$P’(z)Q(z)-P(z)Q’(z)=z^{2d-2}+c_{2d-3}z^{2d-3}+\cdots+c_{0}=0.$
Then, the map $\Phi_{d}^{(0)}$ is defined as follows,
$\Phi_{d}^{(0)}$ : $\mathbb{C}^{2d-2}$ $arrow$ $\mathbb{C}^{2d-2}$
$(\cup (\rfloor)$
$(a_{d-2}, \cdots a_{0}, b_{d-2}, \cdots b_{0}) \mapsto (c_{2d-3}, \cdots c_{0})$ .
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The defining equation of the ramification locus of $\Phi_{d}^{(0)}$ gives the answer to a
problem of Goldberg for the case that $\infty$ is non-critical. For the details, see
[2].
Thereafter, we consider the case that $\infty$ is critical.
3 The case that $\infty$ is critical
3.1 The case of degree 3
Proposition 3.
1. For each class in $X_{3}^{(1)}$ , there is a unique representative in $CB_{3}^{(1)}$ , where
$CB_{3}^{(1)}= \{R(z)=z^{2}+az+\frac{c}{z+b} (c\neq 0)\}.$
2. For each class in $X_{3}^{(2)},$ there’ is a unique representative in $CB_{3}^{(2)}$ , where
$CB_{3}^{(2)}=\{R(z)=z^{3}+az^{2}+bz\}.$
3.1.1 The case that $\infty$ is simple critical point
Let $R= \frac{P}{Q}$ be a rational map in $CB_{3}^{(1)}$ , and $z^{3}+c_{2}z^{2}+c_{1}z+c_{0}=0$ be the
equation defined by $P’(z)Q(z)-P(z)Q’(z)=0.$
Then, the map $\Phi_{3}^{(1)}$ : $CB_{3}^{(1)}arrow \mathbb{C}^{3}$ is defined by sending $(a, b, c)$ to $(c_{0}, c_{1}, c_{2})$ .
Proposition 4. The ramification locus of $\Phi_{3}^{(1)}$ is given by $a=0,$
$\Phi_{3}^{(1)}(CB_{3}^{(1)})=\mathbb{C}^{3}\backslash E^{(1)}(3)$ and $\Phi_{3}^{(1)}$ is 2-valent on the the set of the points in
$\mathbb{C}^{3}\backslash E^{(1)}(3)$ satisfying that
$4c_{0}c_{2}^{3}-c_{1}^{2}c_{2}^{2}-4c_{0}c_{1}c_{2}+c_{1}^{3}+c_{0}^{2}\neq 0$ or $2c_{2}^{3}-2c_{1}c_{2}+c_{0}\neq 0.$
Proof. The map $\Phi_{3}^{(1)}$ is defined by
$(a, b, c) \mapsto(c_{0}, c_{1}, c_{2})=(\frac{ab^{2}-c}{2}, ab+b^{2}, b+\frac{a}{2})$ .
For $c=(c_{0}, c_{1}, c_{2})\in \mathbb{C}^{3}\backslash E^{(1)}(3)$ , every $(\Phi_{3}^{(1)})^{-1}(c)$ is given by
$\{\begin{array}{l}B=b^{2}-2c_{2}b+c_{1}=0C=(4c_{2}^{2}-2c_{1})b+c-2c_{1}c_{2}+2c_{0}=0A=a+2b-2c_{2}=0,\end{array}$ (1)
which has exactly 2 solutions except for $discriminant_{b}(B)=c_{2}^{2}-c_{1}=0.$
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The map $\Phi_{3}^{(1)}$ is not defined on $\{(a, b, c)|c=0\}$ where
$resultant_{z}$ (numerator $(R)$ , denominator $(R)$ ) $=c=0.$
From (1), for each $(c_{0}, c_{1}, c_{2})$ , the coefficient $c$ is determined by
$-c^{2}+(-8c_{2}^{3}+8c_{1}c_{2}-4c_{0})c-16c_{0}c_{2}^{3}+4c_{1}^{2}c_{2}^{2}+16c_{0}c_{1}c_{2}-4c_{1}^{3}-4c_{0}^{2}=0$ . (2)
Therefore, the exceptional set $E^{(1)}(3)$ corresponds to the condition that the
equation (2) has $0$ as a unique solution. Thus we have
$E^{(1)}(3)=\{4c_{0}c_{2}^{3}-c_{1}^{2}c_{2}^{2}-4c_{0}c_{1}c_{2}+c_{1}^{3}+c_{0}^{2}=0$ and $2c_{2}^{3}-2c_{1}c_{2}+c_{0}=0\}.$
$\square$
3.1.2 The case that $\infty$ is double critical point
Let $R(z)=z^{3}+az+b$ be a polynomial map in $CB_{3}^{(2)}$ , and $z^{2}+c_{1}z+c_{0}=0$
be the equation defined by $R’(z)=0.$
Then, the map $\Phi_{3}^{(2)}$ : $CB_{3}^{(2)}arrow \mathbb{C}^{2}$ is defined by sending $(a, b)$ to $(c_{0}, c_{1})$ .
Proposition 5. The map $\Phi_{3}^{(2)}$ is bijective.
Proof. Since the map $\Phi_{3}^{(2)}$ is given by $(a, b) \mapsto(c_{0}, c_{1})=(\frac{2a}{3}, \frac{b}{3})$ , the assertion
follows. $\square$
3.2 The case of degree 4
Proposition 6.
1. For each class in $X_{4}^{(1)}$ , there is a unique representative in $CB_{4}^{(1)}$ , where
$CB_{4}^{(1)}= \{R(z)=z^{2}+cz+\frac{a_{1}z+a_{0}}{z^{2}+b_{1}z+b_{0}} (a_{0}a_{1}b_{1}-b_{0}a_{1}^{2}-a_{0}^{2}\neq 0)\}.$
2. For each class in $X_{4}^{(2)}$ , there $i_{\mathcal{S}}$ a unique representative in $CB_{4}^{(2)}$ , where
$CB_{4}^{(2)}= \{R(z)=z^{3}+a_{2}z^{2}+a_{1}z+\frac{c}{z+b} (c\neq 0)\}.$
3. For each class in $X_{4}^{(3)}$ , there is a unique representative in $CB_{4}^{(3)}$ , where
$CB_{4}^{(3)}=\{R(z)=z^{4}+a_{3}z^{3}+a_{2}z^{2}+a_{1}z\}.$
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3.2.1 The case that $\infty$ is simple critical point
Let $R= \frac{P}{Q}$ be a rational map in $CB_{4}^{(1)}$ , and $z^{5}+c_{4}z^{4}+\cdots+c_{0}=0$ be the
equation defined by $P’(z)Q(z)-P(z)Q’(z)=0.$
Then, the map $\Phi_{4}^{(1)}$ : $CB_{4}^{(1)}arrow \mathbb{C}^{5}$ is defined by sending $(a_{0}, a_{1}, b_{0}, b_{1}, c)$ to
$(c_{0}, \cdots, c_{4})$ .
Proposition 7. The mmification locus of the map $\Phi_{4}^{(1)}$ is given by
$(b_{1}^{2}-4b_{0})c^{2}+(-2b_{1}^{3}+8b_{0}b_{1}-a_{1})c+4b_{0}b_{1}^{2}+2a_{1}b_{1}-2a_{0}-16b_{0}^{2}=0,$
$\Phi_{4}^{(1)}(CB_{4}^{(1)})=\mathbb{C}^{5}\backslash E^{(1)}(4)$, and $\Phi_{4}^{(1)}$ is 5-valent on the set of points in $\mathbb{C}^{5}\backslash$
$E^{(1)}(4)$ , where defining equation of $E^{(1)}(4)$ is given in the proof.










The ramification locus is obtained from the Jacobian of the map $\Phi_{4}^{(1)},$
$(b_{1}^{2}-4b_{0})c^{2}+(-2b_{1}^{3}+8b_{0}b_{1}-a_{1})c+4b_{0}b_{1}^{2}+2a_{1}b_{1}-2a_{0}-16b_{0}^{2}=0.$
For $c\in \mathbb{C}^{5}\backslash E^{(1)}(4)$ , every $(\Phi_{4}^{(1)})^{-1}(c)$ is given by,
$\{\begin{array}{l}B_{1}=81b_{1}^{5}-162c_{4}b_{1}^{4}+(108c_{4}^{2}+54c_{3})b_{1}^{3}+(-24c_{4}^{3}-72c_{3}c_{4}+12c_{2})b_{1}^{2}+(24c_{3}c_{4}^{2}-8c_{2}c_{4}+9c_{3}^{2}-4c_{1})b_{1}-6c_{3}^{2}c_{4}+4c_{2}c_{3}+8c_{0}B_{0}=-3b_{1}^{2}+2c_{4}b_{1}+2b_{0}-c_{3}A_{1}=-10b_{1}^{3}+12c_{4}b_{1}^{2}+(-4c_{4}^{2}-2c_{3})b_{1}-a_{1}+2c_{3}c_{4}-2c_{2}A_{0}=15b_{1}^{4}-16c_{4}b_{1}^{3}+(4c_{4}^{2}+2c_{3})b_{1}^{2}+4a_{0}-c_{3}^{2}+4c_{1}.C=c+4b_{1}-2c_{4},\end{array}$



















The map $\Phi_{4}^{(1)}$ is not defined on
$r$ $:=resultant_{z}$ (numerator $(R)$ , denominator(R)) $=-a_{0}a_{1}b_{1}+b_{0}a_{1}^{2}+a_{0}^{2}=0.$
$\mathbb{R}om(4)$ , for each $(c_{0}, \cdots, c_{4}),$ $r$ is determined by the equation of the form,
$8503056r^{5}+P_{4}r^{4}+P_{3}r^{3}+P_{2}r^{2}+P_{1}r+P_{0}=0$
$(P_{k}\in \mathbb{C}[c_{0}, c_{1}, c_{2}, c_{3}, c_{4}], k=0,1,2,3,4)$ . (5)
Therefore, the exceptional set $E^{(1)}(4)$ corresponds to the condition that this











































$((39366c_{0}^{2}c_{2}- 5832c_{0}c_{1}^{2})c_{3}^{5}+(-21060_{C_{0^{\mathcal{C}}l}}g+ 1008c_{1}^{3}c_{2} 182250c_{0}^{3})c_{3}^{4}+$
$(4680c_{0}c_{2}^{4}+2958c_{1}^{2}c_{2}^{3}+106650Bc_{1}c_{2}+34560c_{0}c_{1}^{3})c_{3}^{3}+(-1360c_{1}c_{2}^{5}+233100c_{0}^{2}c_{2}^{3}-$
133740$c_{0}c_{1}^{2}6+2560c_{1}^{4}c_{2}-742500c_{0}^{3}c_{1})c_{3}^{2}+(144c_{2}^{7}-77440c_{0}c_{1}c_{2}^{4}+3$0360$c_{1}^{3}c_{2}^{3}-$





















3.2.2 The case that $\infty$ is double critical point
Let $R= \frac{P}{Q}$ be a rational map in $CB_{4}^{(2)}$ , and $z^{4}+c_{3}z^{3}+\cdots+c_{0}=0$ be the
equation defined by $P’(z)Q(z)-P(z)Q’(z)=0.$
Then, the map $\Phi_{4}^{(2)}$ : $CB_{4}^{(2)}arrow \mathbb{C}^{4}$ is defined by sending $(a_{1}, a_{2}, b, c)$ to
$(c_{0}, \cdots, c_{3})$ .
Proposition 8. The mmification locus of $\Phi_{4}^{(2)}$ is given by $3b^{2}-2a_{2}b+a_{1}=0,$
$\Phi_{4}^{(2)}(CB_{4}^{(2)})=\mathbb{C}^{4}\backslash E^{(2)}(4)$ , and $\Phi_{4}^{(2)}$ is 3-valent on the set of the points in
$\mathbb{C}^{4}\backslash E^{(2)}(4)$ , where the defining equation of $E^{(2)}(4)$ is given in the proof.
Proof. The four critical points of $R$ in $\mathbb{C}$ is given as the solution of
$3z^{4}+(6b+2a_{2})z^{3}+(3b^{2}+4a_{2}b+a_{1})z^{2}+(2a_{2}b^{2}+2a_{1}b)z+a_{1}b^{2}-c=0.$






The ramification locus is obtained from the Jacobian of the map $\Phi_{4}^{(2)},$
$3b^{2}-2a_{2}b+a_{1}=0.$
For $c\in \mathbb{C}^{4}\backslash E^{(2)}(4)$ , every $(\Phi_{4}^{(2)})^{-1}(c)$ is given by,
$\{\begin{array}{l}B=4b^{3}-3c_{3}b^{2}+2c_{2}b-c_{1}A_{1}=-9b^{2}+6c3b+a_{1}-3c_{2}A_{2}=6b+2a_{2}-3c_{3}C=(9c_{3}^{2}-24c_{2})b^{2}+(-6c_{2}c_{3}+36c_{1})b-16c+3c_{1}c_{3}-48c_{0},\end{array}$
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which has exactly 2 solutions except for discriminant$b(B)=0.$
The map $\Phi_{4}^{(2)}$ is not defined on
$resultant_{z}$ (numerator $(R)$ , denominator(R)) $=c=0.$







Therefore, the exceptional set $E^{(2)}(4)$ corresponds to the condition that this
equation has $0$ as a unique solution.











3.2.3 The case that $\infty$ is triple critical point
Let $R$ be a polynomial map in $CB_{4}^{(3)},$ $z^{3}+c_{2}z^{2}+c_{1}z+c_{0}=0$ be the equation
defined by $R’(z)=0.$
Then, the map $\Phi_{4}^{(3)}$ : $CB_{4}^{(3)}arrow \mathbb{C}^{3}$ is defined by sending $(a_{1}, a_{2}, a_{3})$ to
$(c_{0}, c_{1}, c_{2})$ .
Proposition 9. The map $\Phi_{4}^{(3)}$ is bijective.
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Proof. The three critical points of $R$ in $\mathbb{C}$ is given as the solution of the
following equation
$4z^{3}+3a_{3}z^{2}+2a_{2}z+a_{1}=0.$
Therefore, the map $\Phi_{4}^{(3)}$ is defined by
$(a_{1}, a_{2}, a_{3}) \mapsto(c_{0}, c_{1}, c_{2})=(\frac{a_{1}}{4}, \frac{2a_{2}}{4}, \frac{3a_{3}}{4})$ ,
and the assertion follows. a
For $d=3,4$ , the complete answer for the problem of Goldberg is obtained.
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